7.7

Rational Expressions - Solving Rational Equations

Objective: Solve rational equations by identifying and multiplying by

the least common denominator.

When solving equations that are made up of rational expressions we will solve
them using the same strategy we used to solve linear equations with fractions.
When we solved problems like the next example, we cleared the fraction by multi-
plying by the least common denominator (LCD)

Example 1.

212)  5(12)  3(12)
3 776 4

2(4)x —5(2) = 3(3)

8r—10=9
+10+10
8r=19
8 8
1

8

Multiply each term by LCD, 12

Reduce fractions

Multiply

Solve

Add 10 to both sides
Divide both sides by 8

Our Solution

We will use the same process to solve rational equations, the only difference is our
LCD will be more involved. We will also have to be aware of domain issues. If our



LCD equals zero, the solution is undefined. We will always check our solutions in
the LCD as we may have to remove a solution from our solution set.

Example 2.
5T +95 a2t .
o +3r= P Multiply each term by LCD, (z + 2)
2
(52 +:1:5—?—(§ +2) +3z(x+2)= % Reduce fractions
5+ 5+ 3x(xr+2)=2> Distribute
52 +5+ 322+ 6x =22 Combine like terms
322+ 11z +5=22 Make equation equal zero
—z? — 2% Subtract 2% from both sides
202+ 11z +5=0 Factor
(2x+1)(x+5)=0 Seteach factor equal to zero
2r4+1=0 or x+5=0 Solveeachequation
—1-1 —5-5
2c=—1or xt=—95
2 2
r=— % or —5  Checksolutions, LCD can’t be zero
— % +2= g —54+2=—3 Neither make LCD zero, both are solutions
r=— % or —5 Our Solution

The LCD can be several factors in these problems. As the LCD gets more com-
plex, it is important to remember the process we are using to solve is still the
same.

Example 3.

z_ I 5
r+2 z+1 (z+1)(z+2)

Multiply terms by LCD, (z +1)(z + 2)

z(z+1)(z+2) n (z+1)(x+2) 5x+1)(z+2)

T+ 2 z+1 BCESVCES) Reduce fractions



r(z+1)+1(zx+2)=5
?*+r+r+2=5

242 +2=5
—5—5
2 4+2x—3=0

(x+3)(z—1)=0

r+3=0o0or x—1=0

—3-3 +1+1

r=—3or x=1
(=3+1)(=3+2)=(—-2)(—-1)=2
(1+1)(1+2)=(2)(3)=6

r=—3 or 1

Distribute

Combine like terms

Make equatino equal zero
Subtract 6 from both sides
Factor

Set each factor equal to zero

Solve each equation

Check solutions, LCD can’t be zero
Check — 3in (z + 1)(x + 2), it works
Check lin (x + 1)(x + 2), it works

Our Solution

In the previous example the denominators were factored for us. More often we

will need to factor before finding the LCD

Example 4.
r 1 11
r—1 x-2 2 —3x+2
(r—1)(x—2)
LCD = (z—1)(z —2)
x(x—l)(x—Q)il(x—l)(x—Q): 11(z —1)(z —2)
z—1 r—2 (z—1)(x—2)

r(r—2)—1(z—1)=11
?—2r—x+1=11

?—3r+1=11
—11-—-11
2 —=3xr—10=0

(x=5)(z+2)=0
r—5=0or z+2=0

+5+5 —2-2

r=5or r=—2
5-1)(5-2)=(4)(3)=12
(=2-1)(—-2-2)=(—-3)(—4)=12

Factor denominator

Identify LCD

Multiply each term by LCD, reduce

Distribute

Combine like terms

Make equation equal zero
Subtract 11 from both sides
Factor

Set each factor equal to zero

Solve each equation

Check answers, LCD can’t be 0
Check 5in (x — 1)(z — 2), it works
Check — 2in (z — 1)(x — 2), it works

Our Solution



World View Note: Maria Agnesi was the first women to publish a math text-
book in 1748, it took her over 10 years to write! This textbook covered everything
from arithmetic thorugh differential equations and was over 1,000 pages!

If we are subtracting a fraction in the problem, it may be easier to avoid a future
sign error by first distributing the negative through the numerator.

Example 5.

r—=2 x+2 5

r—3 x+2 8
r—2 —x—2 5
x—3+'x+2 )

(—2—2)8(x—3)(x+2)

— Distribute negative through numerator

Identify LCD, 8(z — 3)(x + 2), multiply each term

5-8(x—3)(x+2)

(x —2)8(x —3)(x+2) n
z—3 x+2
8(z—2)(x+2)+8(—z—2)(z —3)=5(x —3)(z+2)
8(x* —4)+8(—2*+x+6)=5(z*—x —6)
822 — 32 — 822+ 8x +48 =522 — 5z — 30
8+ 16 =5x2— 52 — 30

—8x —16
0=>5z2—13x — 46

0= (5x —23)(z+2)

o —23=0 or x+2=0

423423 —2-2
br=23 or xt=—2

5 5
x:? or —2
23 23 8\/ 33\ 2112
8(?‘?’)(?*2)—8 5) 5 )"
8(—2-3)(—2+2)=8(—5)(0)=0
;B
5

— 8 — 16

= S Reduce
FOIL
Distribute
Combine like terms

Make equation equal zero
Subtract 8x and 16

Factor

Set each factor equal to zero

Solve each equation

Check solutions, LCD can’t be 0

Check ? in8(xz — 3)(x +2), it works
Check —2in 8(x — 3)(x +2), cant be 0!

Our Solution

In the previous example, one of the solutions we found made the LCD zero.
When this happens we ignore this result and only use the results that make the

rational expressions defined.
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7.7 Practice - Solving Rational Equations

Solve the following equations for the given variable:

1)3‘%_%_%:0 2)x+1:xil

3) Ty = 2 H TR+

5) &+ — =t 6) T =5 +1

7)32x _ 45 3 gy fots _ 2 __ i
x—4 6z —1 3r—4 22 — 2 1—x2 2 -1

9 5 " T =2 10) 55~ 55 =3

1) =2 =2 12) 5ty =1

13) o5 —5=1=% 14) 575 — 525 =1

15) xj—Z - 217; = izi_i 16) 32—’;21 _%: 33::2_751

17) S -1 =1¢ 18) 5+ s =1

19) 5t n = ey 0) G5t a1 =2

21) z;g _:vi2:x2+1az—6 22) i:;+2136j:-41:2$2—13$—2

23) 5t = e 2) S s = wras

25) xfl _xilz;zlafl 26) x?2+$i4:x27322;378

27) x2—f1 - xi5:x2;§f+5 28) zil - zi3: xQ;if-i-S

29) z:g+;tz:m2—il;li2+27 30) z;z+i:§:x2+§;—18

ST WSS R 32) S =

3) T T e
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7.7

Answers - Solving Rational Equations

1) —5.2 13) 3.5 25) 2
2) —3,1 14) 2, 13 %) 1
3)3 15) —8
4) —1,4 16) 2 27) 15
5) 2 17) — 3,5 28) 1
6) + 18) — 2.1 29) — 2
7 -1 19) 5 30) —1
8) —5 20) 10 31)
9) =5 21) 0, 5

. . 32) 1
10) — 22) —2,7
11) —5,0 23) 4,7 33) —10
12) 5,10 24) —1 34) 1
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